In the present work we study the entanglement dynamics between two atoms when one of them, considered as having either two or three levels, is left to interact with a single mode of a high-Q cavity through two-photon processes. Making use of the negativity, we show the necessary conditions for these systems to exhibit the sudden death phenomena.
Introduction
Entanglement is the key property of quantum systems and is now recognized to be of fundamental importance for developing new technologies, notably those related to quantum information and quantum computation [1] . Therefore, improving our understanding on entanglement properties will be helpful to develop strategies for controlling [2] [3] [4] [5] [6] , manipulating [7] [8] [9] [10] [11] and quantifying [12] [13] [14] [15] [16] [17] the entanglement degree with confidence. Our current knowledge about the entanglement peculiarities has been increased thanks to several works exploring some of its features such as, for instance, inseparability [18] [19] [20] , nonlocality [21] [22] [23] , and distribution [24] [25] [26] [27] , among others.
Recently, Yu and Eberly [28] have discovered that bipartite systems may either have their entanglement abruptly interrupted or initiated, in a phenomenon termed as entanglement sudden death and sudden birth. Soon after their proposal, a number of interesting theoretical works focused on this subject have appeared [6, [29] [30] [31] [32] [33] [34] [35] [36] [37] , all of them exploiting the linearity of the Jaynes-Cummings (JC) model. Entanglement sudden death was experimentally reported in [38, 39] . In this paper, taking advantage of the possibilities opened by the engineering Hamiltonian program [40] [41] [42] , we use nonlinear effective Hamiltonians to study the entanglement phenomena. To be specific, we concentrate our attention on the cavityfield mode interacting with either a two-or three-level atom via two-photon processes, although the interactions used here are as well suited for other systems such as trapped ions [43, 44] . We assume the cavity field previously prepared in the Fock state |n C and an entangled atomic system given by α|e, g AB + β|g, e AB , such that the initial state describing the entire atom-field system is given by
where the coefficients satisfy the normalization condition |α| 2 + |β| 2 = 1.
First model
We consider the atom B as a three-level atom with configuration shown in figure 1 . The intermediate level |f B is detuned from the cavity-field mode by δ. In the interaction picture, the Hamiltonian is written as (h = 1) [45, 46] ,
where λ 1 and λ 2 are the coupling constants related to the transitions |e ↔ |f and |f ↔ |g , respectively. The detuning δ is given by
where is the cavity-field frequency and ω e , ω f , and ω g are the frequencies associated with the atomic levels |e , |f , and |g , respectively. The atom and field state at a time t is
where C a,n (t), a = e, f, g, stand for the corresponding probability amplitudes. Inserting equations (2) and (4) into the time-dependent Schrödinger equation, we obtain the following coupled firstorder differential equations for the probability amplitudes:
As usual, we consider the atom-field system decoupled at time t = 0:
where C n (0) stand for the probability amplitudes of the arbitrary initial field state and C a (0) stand for the (normalized) initial atomic state:
Solving the coupled differential equations in equation (5) with the initial conditions given by equations (6) and (7), we get the time-dependent coefficients
where
with n being the Rabi frequency. Replacing n → n − 1 in equation (9) and n → n − 2 in equation (10) we obtain C f,n (t) and C g,n (t), respectively. Starting from the initial state given by equation (1), we obtain, after a time t, the evolved state (14) where we have considered, for simplicity,
The supraindexes in the coefficients indicate the initial state of the atom-field system, while the subindexes indicate the specific evolved state after a time t. Next, we calculate the reduced density operator for the system composed by the atoms A and B, ρ AB = T r C (ρ ABC ), and the corresponding ρ T A AB , where T A denotes the partial transposed with respect to the system A in the base {|e, e AB , |e, f AB , |e, g AB , |g, e AB , |g, f AB , |g, g AB }.
The partial transposed ρ T A AB is given by
As a tool for measuring the entanglement degree of the qutrit subsystems A and B, we use the rescaled negativity, given by N(ρ) = 2 max 0, − j |μ j | , where μ j are the negative eigenvalues of ρ T A AB . From this reduced density operator, we obtain
and Figure 2(a) shows that there is no sudden death when the cavity mode is initially in the vacuum state. This is also observed when the cavity contains only one photon. On the other hand, figure 2(b) shows the sudden death phenomena when the cavity contains two photons. Note that the maximum of the negativity, and thus the maximum entanglement degree, occurs when the initial entanglement degree is maximum (α = 1/ √ 2), while the time during which the sudden death occurs remains unaffected. This behaviour is also observed in figures 3(a) and (b), where the photon number inside the cavity was increased, turning the occurrence of sudden death into a more frequent phenomenon. The appearance of the sudden death for n 2 is due to the two-photon process. Actually, to initiate the two-photon process between B and C, which is responsible for changing the entanglement dynamics of systems A and B, one needs at least the presence of two photons inside the cavity. It is interesting to see the role played by the δ parameter on the behaviour of the negativity. Figures 4(a) and (b) show this dependence for several values of the interaction time. Note that the negativity is sensitive to the values of the interaction times as well as the detuning, and that for certain values of the detuning there is no entanglement, irrespective of the values of the interaction times. On the other hand, maximization of entanglement can be obtained for convenient choices of the detuning parameter and the interaction time. 
Second model
We now consider the atoms in the system described by equation (1) as composed by two-level Rydberg atoms. The effective two-photon interaction model used here is (h = 1) [47] :
where σ
is the lowering (raising) operator for the atom B, a (a † ) is the annihilation (creation) operator for the cavity mode field, and λ is the effective coupling constant. Through this interaction, the whole system at time t has evolved to the state
where the coefficients C i (t) are obtained from the solution of the Schrödinger equation, leading to
for n < 2 (20) and
for n 2. (21) The corresponding transposed reduced density operator ρ
T A AB
for atoms A and B is
which allows one to get the rescaled negativity of the qubit systems composed by the atoms A and B, given by for n < 2, and
for n 2. Figures 5(a) and (b) show the negativity as a function of λt for three values of the amplitude α and for n = 0 and 2, respectively. As expected, for n = 0, figure 5(a) , there is no finite time for sudden death. This is also true for n = 1. As explained before, when n = 2, figure 5(b) , systems B and C get into interaction, thus modifying the original entanglement between systems A and B. Note from figure 5(b) that, different from the first model, the second one exhibits sudden death in a shorter time interval. Figures 6(a) and (b) show that this time scale can be further shortened by increasing the photon number into the cavity, since the occurrence of negativity becomes more frequent. For comparison, we plot in figures 7(a) and (b) the sudden death as occurring due to the two-photon process when three-level and two-level atoms are used, corresponding to the first and second cases, respectively. To compare the first and second cases, we have chosen the effective coupling for three-level atoms as approximately equal to those twolevel atoms. This will be valid, provided that the Rydberg atoms have principal quantum numbers around 90 [48] . Note that, for this choice of parameters, the two-level case is highly oscillatory, as compared with the three-level case. As can be seen from figure 7(a), when n = 0 there is no sudden death. For n = 2, figure 7(b) shows that the two-level case presents several entanglement revivals in a period 2π , in contrast to the three-level case that presents none. However, as shown in figure 7(b) , by enlarging the period both cases will present sudden death. It is worth noting that this model also coincides with the first one for large values of the detuning and photon number, provided that only diagonal elements are relevant to the concerned problem. This happens since the probability amplitudes for both models differ only by an overall phase factor. This important point was addressed in [45] . Figures 7(a) and (b) show both cases.
Finally, it is interesting to compare the two-photon process with the linear case (the one-photon process)-see, e.g., [6] . Particularly, note from figure 8(a) that the regions where the sudden death occurs are not the same for both cases. Also, for times from 0 to 2 in λ −1 units, figure 8 (a) shows a little revival of the entanglement when the two-photon process occurs via the two-level atom (dashed line), differently from the linear case (solid line). This situation is inverted for λt between 5 and 6. 
Conclusion
We have studied the entanglement dynamics between two atoms (systems A and B) when one of them (B) is left to interact with a cavity-field mode (system C) via two-photon processes. To study the atom-field interaction, we have considered two cases: when the atom has two and three levels. Observing separately the two cases, we note that the two-level atomfield interaction is more effective in the sense that sudden death occurs for small periods of time. To see sudden death when a three-level atom is used, we need either to increase the interaction time or to increase the number of photons inside the cavity. According to our first model, the twophoton process depends on the detuning between the cavity field and the intermediate level. Interestingly, we found that the detuning, together with the interaction time, can be used to control the degree of entanglement. We note that the usefulness of detuning on the control of entanglement has already been studied in [31, 34, 49] for the linear case. We also note that the times during which the entanglement between systems A and B disappears, or suddenly reappears, do not depend on the initial entanglement degree of systems A and B, as occurs in the linear case [6] . Comparing the two-photon process for the two-level atom with the linear case, we note that the regions where sudden death occurs do not coincide; also a little entanglement revival is observed for the two-photon case in regions where the linear case shows no entanglement, and vice versa. We have shown that the entanglement sudden death only occurs for n 2. This is easily explained having in mind that the entanglement dynamics between systems A and B is modified when one of them is left to interact with a third system C. Since in our model the interaction occurs via two-photon processes, it is necessary to have at least two photons inside the cavity to allow the interaction to work.
